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Abstract. Derdzinski and Shen's theorem on the restrictions posed by a Co- 
dazzi tensor on the Riemann tensor holds more generally when a Riemann- 
compatible tensor exists. Several properties are shown to remain valid in this 
broader setting. Riemann compatibility is equivalent to the Bianchi identity of 
the new "Codazzi deviation tensor" , with a geometric significance. The general 
properties are studied, with their implications on Pontryagin forms. Examples 
are given of manifolds with Riemann-compatible tensors, in particular those 
generated by geodesic mapping. Compatibility is extended to generalized cur- 
vature tensors, with an application to Weyl's tensor and general relativity. 



1. Introduction 

The Riemann tensor Rijk"^ and its contractions, Rki — Rkmi"^ and R = g^^Rki, 
are the fundamental tensors to describe the local structure of a Riemannian mani- 
fold (./#„, 5) of dimension n. In a remarkable theorem [101 [5] Derdzinski and Shen 
showed that the existence of a non trivial Codazzi tensor poses strong constraints on 
the structure of the Riemann tensor. Because of their geometric relevance, Codazzi 
tensors have been studied by several authors, as Berger and Ebin [1], Bourguignon 
[4], Derdzinski [8l [9], Derdzinski and Shen [10], Ferus [11], Simon [29]; a com- 
pendium of results is found in Besse's book [3]. Recently, we showed [52] that the 
Codazzi differential condition 

(1) V,6jfe - Vj6,fc = 

is sufficient for the theorem to hold, and can be replaced by the more general notion 
of Riemann- compatibility, which is instead algebraic: 

Definition 1.1. A symmetric tensor hij is Riemann compatible (i?-compatible) if: 

(2) bimRjkl"^ + bjmRkil^ + bkmRijl"^ = 0. 

With this requirement, we proved the following extension of Derdzinski-Shen's 
theorem: 

Theorem 1.2. [22 Suppose that a symmetric R- compatible tensor bij exists. Then, 
if X , Y and Z are three eigenvectors of the matrix br^ at a point of the manifold, 
with eigenvalues X, fi and v , it is Rijki = provided that both A and fi 

are different from v. 

The concept of compatibility allows for a further extension of the theorem, where 
the Riemann tensor R is replaced by a generalized curvature tensor K, and b is 
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required to be iC-conipatible [22]. 

This paper studies the properties of Riemann compatibility, and its implications 
on the geometry of the manifold. In section 2 i?-compatibility is shown to be 
equivalent to the Bianchi identity of a new tensor, the Codazzi deviation. In section 
3 the irreducible components of the covariant derivative of a symmetric tensor are 
classified in a simple manner, based on the decomposition into traceless terms. This 
is of guidance in the study of different structures suited for i?-compatibility. The 
general properties of Riemann compatibility are presented in section 4. In section 5 
several properties of manifolds in presence of a Riemann compatible tensor that were 
obtained by Derdzinsky-Shen and Bourguignon for manifolds with a Codazzi tensor, 
are recovered. In particular, it is shown that i?-compatibility implies pureness, a 
property of the Riemann tensor introduced by Maillot that implies the vanishing 
of Pontryagin forms. Manifolds that display i?-conipatible tensors are presented 
in section 6; interesting examples are generated by geodesic mappings, that induce 
metric tensors that are i?-compatible. Finally, in section 7, if-tensors and in- 
compatibility are presented, with applications to the standard curvature tensors. 
In the end, an application to general relativity is mentioned, that will be discussed 
fully elsewhere. 

2. The Codazzi deviation tensor and R-compatibility 

Since Codazzi tensors are Riemann compatible, for a non Codazzi differentiable 
simmetric tensor field h it is useful to define its deviation from the Codazzi condition. 
This tensor solves an unexpected relation that generalizes Lovelock's identity for the 
Riemann tensor, and shows that Riemann compatibility is a condition for closedness 
of certain 2-forms. 

Definition 2.1. The Codazzi deviation of a symmetric tensor hki is 

(3) "^jki =■ jbki - Vfc&ji 

Simple properties are: '^jki — —^kji and '^jki + '^kij + ^^ijk = 0. 

The following identity holds in general, and relates the Bianchi differential com- 
bination for to the Riemann compatibility of b: 

Proposition 2.2. 

(4) ^i'^jkl + j'^kil + '^k'^ijl = bimRjkl"^ + bjmRkil™' + bkmRijl™' 

Proof. 

V.-^jW + V/4«( + '^kl^^Jl - [V„ Vj]bkl + [Vfc, V^]bji + [Vj, Vfc]6,; 
= bml{Rijk"^ + Rkij"^ + Rjki"^) + bimRjkl™ + bjmRkil"^ + bkmRijl"^ 

the first term vanishes by the first Bianchi identity. □ 

Remark 2.3. The identity holds true if bij is replaced by b[j — bij + x'^ijj where 
Oij is a Codazzi tensor and x o, scalar field. Then: '^jki — ^^jki — (ciki^j ~ o,ji^k)x- 

The deviation tensor is associated to the 2-form = ^"^jkidx^ A dx^ . The 
closedness condition = D% = i^tojkidx^ A dx^ A dx'' [D is the exterior covari- 
ant derivative) is the second Bianchi identity for the Codazzi deviation: ^i^jki + 
j'^kii + ^k'T^iji — 0. This gives a geometric picture of Riemann compatibility: 
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Theorem 2.4. bij is Riemann compatible if and only if D^S'i ~ 0. 

Remark 2.5. The Codazzi deviation of the Ricci tensor is, by the contracted second 
Bianchi identity: "ifjki =■ VjRki ~ '^kRji — —"^mRjki"^- For the Ricci tensor the 
identity (|4|) identifies with Lovelock's identity 18] for the Riemann tensor: 

(5) V,V™i?jfc,™ + WjWn^Rnr + VfcV™i?„7™ 

p p m p p rn p p m 

^im^jkl ^jm-^kil ^km-^ijl 

A Veblen-like identity holds, that corresponds to ([T4l) (For bij = Rij it specializes 
to Veblen's identity for the divergence of the Riemann tensor [20]): 

Proposition 2.6. 

(6) V/^j/fe + Si'j'rfkii + ^k%ji + ^i%kj 

Proof. Write four equations ^ with cycled indices i,j,k,l and sum up. Then 
simplify by means of the first Bianchi identity for the Riemann tensor and the 
cyclic identity '^jki + "S'kij + %jk =0. □ 

3. Irreducible components for Vjbki and i?-coMPATiBiLiTY 

We begin with a simple procedure to classify the 0{n) invariant components of 
the tensor V jbj-i- They will guide us in the study of i?-compatibility. 
If b is the Ricci tensor, this simple construction reproduces the seven equations 
linear in S/iRjk, invariant for the 0{n) group, that are enumerated and discussed 
in Besse's treatise "Einstein Manifolds" [5]. 

For a simmetric tensor bki with S/jbki ^ 0, the tensor Vjbki can be decomposed 
into 0{n) invariant terms, where is traceless (^"^.^ = ^^^^ =0) [l4l[T7] : 

(7) Vj6fc, = + Ajgki + Bkgji + Big^k 



rfi -\- n — 2 

The traceless tensor can then be written as a sum of orthogonal components [TS] : 

(9) = \ + Ki, + ^Ik] + \ [-^"ki - -Ki] + I {^Ik ~ ^lk\ 

The orthogonal subspaces classify the 0(7i) invariant equations that are linear 
in \7jbki- The trivial subspace: Vjbki — 0. The subspace I (we follow Gray's 
notation, [13 ) where = 0: 

Vjbki = Ajgki + Bkgji + Bigjk- 

The complement I-^ is characterized by Aj,Bj = i.e. Vjbki is traceless. This 
gives two invariant equations: VjVi = 0, and Vjb"^m = 0. Since Vjbki — ■^%ii 
the structure of SS^ specifies two orthogonal subspaces = A®B. In A: 

Vjbki+Vkbij+Vibjk^O. 

In B: 

Vjbki - Vkbji = 0. 
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The subspace I® A contains tensors with traceless part S/jbki—Ajgki — Bkgji — Bigjk 
that solves the cychc condition: 

l^jbki - ^^^^^3^"'^ + 2Vm&™j)gfci] + cyclic = 0. 

The subspace I (B B contains tensors with traceless part that solves the Codazzi 
condition: 

Accordingly, the Codazzi deviation tensor has the (unique) decomposition in 
irreducible components 

y . _ V }fn . 

(10) '^■jki = "^jki + ^j9ki ~ >^kgji, Aj = A-i - B-j = — — ~ 
where is traceless. Eq.Q becomes 

(11) bijnRjkl™ + bjmRkil"^ + bkniRijl"^ ~ ^ i^^l + ^ -f^kil + ^ k'^ijl 

+9ii{^]^k - VfeAj) + gji{VkK " ViAfe) + gkii^iXj - VjA^) 
There are only two orthogonal invariant cases: 

- 'rfji^i = 0, then b is i?— compatible if and only if A is closed. If b is the Ricci tensor, 
this requirement gives Nearly conformally symmetric {NCS)n manifolds, that were 
introduced by Roter [28] . 

-'Vjb"^m — '^mb™j = then b is i?— compatible if and only if — solves the 
second Bianchi dcntity. If b is the Ricci tensor, this corresponds to Vji? = 0. 



Remark 3.1. The decomposition (|10p for the deviation of the Ricci tensor turns 
out to be 

n-2_ „ ^ 1_ 

l{n ~ 1) 

where Cjki"^ is the conformal curvature tensor, or Weyl's tensor. In this case the 
A covector is closed. 



(12) %kl — Ti^mCjkl"^ + 777 -T [gkl^ jR ~ 9jl'^kR] 

n — 3 2{n — 1) 



4. RiEMANN COMPATIBILITY: GENERAL PROPERTIES 

The existence of a Riemann compatible tensor has various implications. A first 
one is the existence of a generalized curvature tensor. This leads to the generaliza- 
tion of Derdzinski-Shen theorem and other relations that were obtained for Codazzi 
tensors. 



We need the definition, from Kobayashi and Nomizu's book |16J: 

Definition 4.1. A tensor Kijim is a generalized curvature tensor (or, briefly, a 
iiT-tensor) if it has the symmetries of the Riemann curvature tensor: 

a) Kijki = —Kjiki = —Kijik, 

b) Kijki = Kkiij, 

c) Kijki + Kjkii + Kkiji = (first Bianchi identity). 

It follows that the tensor Kjk =: —Kmjk™' is symmetric. 

Theorem 4.2. Ifb is R-compatible then Kijki =■ Rijpqbfkb'^i is a K -tensor. 
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Proof, a) For example: Kijik = Rijrshfbk" = Rijsrhi'^hk^ = -Riyrsbi^'bk'' = 
-Kijki- Property c) follows from ([2|): Kijki + K-jUii + Kkiji = Ri^rsbk^'hi'' + 
Rjkrsbt'hf + Rkirsbfbf = {Rjis^'bkr + Rkjs^'bir + Riks'''bjr)hf = 0. Property b) 
follows from c): Kijki + Kjku + Kkiji = 0. Sum the identity over cyclic permuta- 
tions of all indices z, j, k, I and use the symmetries a). 

It is easy to see that a first Bianchi identity holds also for the last three indices: 
Kijki + Kikij + Kiijk =0. □ 

The next result remarks the relevance of the local basis of eigenvectors of the 
Ricci tensor. Another symmetric contraction of the Riemann tensor was introduced 
by Bourguignon |3|: 

(13) ^^ij ~- b^^Rpijq- 

Theorem 4.3. If b is R-compatible then: 

I) birnRj bjraRi — 0; 

^) bijYlRj bjyyiRi 

Proof. The first identity is proven by transvecting ([2]) with g^^ . The second one is 
a restatement of the symmetry of the tensor Kij . □ 



Remark 4.4. A) Identies 1 and 2 are here obtained directly from R- compatibility. 
Bourguignon [4] obtained them from Weitzenbock's formula for Codazzi tensors, 
and Derdzinski and Shen |10j from their theorem. 

B) As the symmetric matrices bij, Rij, Rij commute, they share at each point of 
the manifold an orthonormal set of n eigenvectors. 

C) If b' is a symmetric tensor that commutes with a Riemann compatible b, then it 
can be shown that R'^j =: b'P'^Rpijq commutes with b. 

Finally, this Veblen-type identity holds: 

Proposition 4.5. If b is R-compatible, then: 

(14) bimRjlk"^ + bjmRkil"^ + bkmRlji^ + blmRikj"^ = 

Proof. Write four equations ([2|) with cycled indices i,j,k,l and sum up, and use 
the first Bianchi identity. □ 



5. Pure Riemann tensors and Pontryagin forms 

Riemann compatibility and nondegeneracy of the eigenvalues of 6 imply directly 
that the Riemann tensor is pure and Pontryagin forms vanish. 
We quote two results from Maillot's paper [19 : 

Definition 5.1. In a Riemann manifold the Riemann curvature tensor is 

pure if at each point of the manifold there is an orthonormal basis of n tangent 
vectors X{1), . . . ,X{n), X{ayX{b)i = 6ab, such that the tensors X{ay A X{by =: 
X{ayX{by - X{ayX{by, a<b, diagonalize it: 

(15) i?,/"X(a)* A Xiby = XabXiaY A X(fe)" 

Theorem 5.2. If a Riemannian manifold has pure Riemann curvature tensor, then 
all Pontryagin forms vanish. 
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Consider the maps on tangent vectors, built with the Riemann tensor, 

l^siXi . . . Xs) = RijJ' Rklb^ Rmnc'' Rpqd"" {X{ A X^) ■ ■ ■ {Xj A Xg), 



They are antisymmetric under exchange of vectors in the single pairs, and for 
cyclic permutation of pairs. The Pontryagin forms |26| result from total an- 
tisymmetrization of LL!4k- fl4k{Xi ...X4k) = '^p{'-l)^LU4k{Xi^ ...Xi^^) where P 
is the permutation taking (1 . . . 4fc) to (ii . . . i4k)- ^4k = if two vectors repeat, 
intermediate forms fl4k^2 vanish identically. 

Pontryagin forms on generic tangent vectors are linear combinations of forms eval- 
uated on basis vectors. 

If the Riemann tensor is pure, all Pontryagin forms on the basis of eigenvec- 
tors of the Riemann tensor vanish. For example, if X, Y, Z, W are orthogonal: 
uj4iXYZW) = XxyXzwiX"" A Y^){Zb AWa) = and VL4{XYZU) = 0. 

A consequence of the extended Derdzinski-Shen theorem 11.21 is the following: 

Theorem 5.3. If a symmetric tensor field bij exists, that is R-compatible and has 
distinct eigenvalues at each point of the manifold, then the Riemann tensor is pure 
and all Pontryagin forms vanish. 

Proof. At each point of the manifold the symmetric matrix bij{x) is diagonalized 
by n tangent orthonormal vectors X{a), with distinct eigenvalues. Since b is in- 
compatible, theorem 11.21 holds and, because of antisymmetry of R in first two 
indices: 

= i?,/'X(a)' A X{bYX{c)k, a^b^c. 

This means that all column vectors of the matrix V{a,b)'^^ = Rij^^X{ay A X{by 
are orthogonal to vectors X{c) i.e. they belong to the subspace spanned by X{a) 
and X{b). Because of antisymmetry in indices k,l, it is necessarily V{a,b) = 
\abX{a) A X[b), i.e. the Riemann tensor is pure. □ 

This property has been checked by Petersen [27] in various examples with rota- 
tionally invariant metrics, by giving explicit orthonormal frames such that i?(ei, ej)ek = 
0. 

5.1. Two and three dimensional manifolds. Riemannian manifolds of dimen- 
sion n = 2 and n = 3 are special, as the Riemann tensor is expressible in terms of 
the Ricci and metric tensors. Therefore, Riemann-compatibility and ensuing pure- 
ness of the Riemann tensor can be established by simple means, 
n = 2) Rjkim — Rji9km — 9jmRkj- Explicit evaluation proves that any symmetric 
tensor b is Riemann compatible. 

n — i) Rjklm = QjlRkm + QkmRjl ~ gklRjm — QimRkl — ^{gjigkm — gjmgkl)- Then, 

for any symmetric tensor 6 it is: 

bimRjkl"^ + bjmRkil"^ + bkmRijl"^ = 9kl{bjmRi"^ — bimRj"^) 
+9il{bkmRj"^ — bjmRk"^) + 9jl{bimRk"' — bkmRi^) 
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Thus m n = S the Ricci tensor is always i?-compatible. Moreover, if b commutes 
with the Ricci tensor, then b is i?-compatible. Since a symmetric tensor that com- 
mutes with the Ricci tensor can always be constructed, with arbitrarily chosen 
distinct eigenvalues, by theorem 15. 3l we conclude: 

Proposition 5.4. In Riemannian manifolds of dimension n — 2 and n — 'S the 

Riemann tensor is pure. 

5.2. Quasi-constant curvature spaces. The same conclusions can be drawn in 
any dimension n for quasi-constant curvature spaces. They were introduced by 
Chen and Yano [5] and are defined by a Riemann tensor with the following structure: 

(16) Rjklm = P[gmj9kl — gmk9jl] + q[9mjtktl — 9mktjtl + gkltmtj — 9jltmtk] 

p and q are scalar functions. The first term describes constant curvature, the second 
one contains a vector field with tkt'' — 1. 
The following identity holds: 

(17) bi^" Rjklm + b/^Rkilm + bk"^Rijlm — q[9kl{tjbi"^t,n — tibj'^tm) 

+ga{tkbj"^tm — tjbk^tm) + 9jl{'tibk^tm — tkbi™tm)] 

Contraction with g*^' gives: —bi^Rjm + bj"^Rim = q{n — 2){tjbi"H„i — tibj™tm)- 
Therefore, if b commutes with the Ricci tensor and n ^ 2, the r.h.s. is zero and, 
by (I17p . b is i?-compatible. Then the Riemann tensor is pure and all Pontryagin 
forms vanish. 

6. Structures for Riemann compatibility 

Some differential structures are presented that yield Riemann compatibility. 
Of particular interest are geodesic mappings, which leave the condition for in- 
compatibility form-invariant, and generate i?-compatible tensors. 

6.1. Quasi Codazzi tensors. Let 6^ be a symmetric tensor that solves the Co- 
dazzi condition deformed by a closed gauge field [22] : 

(18) (V, -/?,)6fe, = (Vfc-/3fe)6j7 

The Codazzi deviation is '^^jkl = Pjbu — Pkbji, and b is i?-compatible. 
Since Pi = V^^, the gauge field cancels for 6^- = e^b[j, where b' is a Codazzi tensor. 
Of this type are Weakly 5-symmetric manifolds, defined by the recurrency 

(19) V^bki = A.bki + Bkbii + Dibik 

where A, B and D are covector fields. Eq. (fT8|) is obtained for Pi — Ai — Bi, and b 
is Riemann compatible if ^ — i? is closed. 

Examples are: Weakly Ricci-symmetric manifolds, where bij = Rij [201 HI], Weakly 
and pseudo Z-symmetric manifolds, where bij is a Z-tensor [211 123j . Another ex- 
ample are manifolds with a recurrent generalized curvature tensor [20| : ^iKjki"^ — 
A.Kjkr, then bki =: Kk^r + has the form ([T9]) . 

6.2. Pseudo- ii'symmetric manifolds. They are characterized by a generalized 
curvature tensor K such that ([SKU]) 

'^iKjki"' = 2AiKjki"^ + AjKiki"^ + AkKjii™" + AiKjki^ + A^Kj^H, 

The tensor bjk =■ Kjmk'" is symmetric. It is i?— compatible if its Codazzi deviation 
'^iki = Aibki — Akbii + iAmKiki"^ fulfills the II Bianchi identity. This is ensured by 
Ajn being concircular, i.e. S/iA^ = A^Am + jgim- 
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6.3. Generalized Weyl tensors. A Riemannian manifold is a {NCS)n [28 if the 
Ricci tensor satisfies VjRki — VkRji = 2(71-1) [fffci^j R ~ 9ji^kR\- As such, the 
Ricci tensor is the Weyl tensor, and the left hand side is its Codazzi deviation. 
This condition, by (fT2|). is equivalent to VmCjki"^ = 0. 

This suggests a class of deviations of a symmetric tensor b with '^if-^^i = in ([T0| : 

(20) '^jki — XjQki — ^kgji 
Proposition 6.1. b is R-compatihle if and only if Xi is closed. 

Proof Transvect ^ with 5'=' and obtain: -h'^Rjyn + 6i™i?7m = [n - 2)(V,Aj - 
VjAi). Then b commutes with the Ricci tensor iff A is closed and, by the previous 
equation, b is i?-compatible. □ 

An example is provided by spaces with 

(21) Vjfefe; = AjQki + BkQji + Bigjk, 

where '^jki = Xjgu — Xkgji with Xj — Aj — Bj. Sinyukov manifolds [30] are of this 
sort, with bij being the Ricci tensor itself. 

6.4. Geodesic mappings. Riemann compatible tensors arise naturally in the study 
of geodesic mappings, i.e. mappings that preserve geodesic lines. Their importance 
arise from the fact that Sinyukov manifolds are {NCS)n manifolds and they always 
admit a nontrivial geodesic mapping. 

Geodesic mappings preserve Weyl's projective curvature tensor [30]. We show that 
they also preserve the form of the compatibility relation. 

A map / : {^n,g) — ^ {■^m'g) is geodesic if and only if Christoffel symbols are 
linked by = r^^- + 5^Xj + S^X, where, on a Riemannian manifold, X is closed 
C^iXj — VjXi). The condition is equivalent to: 

(22) VkVji = 2Xfeg^, + Xjg^i + Xig,,j 

which has the form (j2ip . The corresponding relation among Riemann tensors is 

(23) R,ki ™ = Rjki ^ + SJ'Pki - 5^P,i 

where Pa = V^X; — XkXi is the deformation tensor. The symmetry P^i — Pik is 
ensured by closedness of X. 

Proposition 6.2. Geodesic mappings preserve R- compatibility 

(24) bimRjkl"^ + bjmRkil^ + bkmRijl"^ — bimRjkl"^ + bjmRkil"^ + bkmRijl™' 

where b is a symmetric tensor. 

Proof. Let's show that the difference of the two sides is zero. Eq. (|25)) gives: 

hrniSJ'Pki - 5^P,i) + b^r.iS'^Pa - J^^m) + bk^^T P3I - 

= bijPki - bikPji + bjkPii - bjiPki + bkiPji - bkjPii =0 □ 

Since g is trivially i?-compatiblc (first Bianchi identity), form invariance implies: 

Corollary 6.3. ^ is R-compatible. 

Sinyukov [30] (see also [13 (12) showed that a manifold admits a geodesic map- 
ping if and only if there are a scalar field tp and a symmetric non singular tensor 
bij such that: 

ykbji = gkNo^p + gkj^i^p- 
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The Codazzi deviation of b, "^toju — gn^jf — gjiVk^, has the form (|20|) . Therefore 
h is i?-compatible. 

7. Generalized curvature tensors. 

Several results that are valid for the Riemann tensor with a Riemann compatible 
tensor, extend to generalized curvature tensors Kijj-i (hereafter referred to as K- 
tensors) with a fC-compatible symmetric tensor hjk- The classical curvature tensors 
are if-tensors. The compatibility with the Ricci tensor is then examined. 

Definition 7.1. A symmetric tensor bij is K-compatible if 

(25) bimKjki^ + bjmKkii"^ + bkmKiji^ — 0. 

The metric tensor is always i^-compatiblc, as (ESI) then coincides with the first 
Bianchi identity for K . 

Proposition 7.2. // Kiji„i is a K-tensor and b^i is K-compatible, then Kijki 
Kijrsbk^bi'^ is a K-tensor. 

We quote without proof the extension of Derdzinski and Shen theorem for gen- 
eralized curvature tensors [22] : 

Theorem 7.3. Suppose that Kijki is a K-tensor, and a symmetric K-compatible 
tensor bij exists. Then, if X , Y and Z are three eigenvectors of the matrix 6^" at 
a point X of the manifold, with eigenvalues X, fj, and v, it is X'^ Kijki = 

provided that both A and /i are different from v. 

Proposition 7.4. // 6 is K— compatible, and b commutes with a tensor h, then 
the symmetric tensor Kki Kjkimh''"^ commutes with b. 

Proof. Multiply relation of K compatibility for b by h^^ . The last term vanishes 
for symmetry. The remaining terms give the null commutation relation. □ 

In ref.|20] (prop. 2. 4) we proved that a generalization of Lovelock's identity ([5]) 
holds for certain ii'-tensors, that include all classical curvature tensors: 

Proposition 7.5. Let Kjki"^ be a K-tensor with the property 

(26) V^nK-jki"" = a VrnRjki"" + P {akiVj - Vfe) ip, 

where a, (3 are non zero constants, (p is a real scalar function and Oki is a Codazzi 
tensor. Then: 

(27) ^ rnKju"^ + V mKkil^'^ + ^k'^mKijl"^ 

— —a{Ri„iRjkl"^ + RjmRkil™ + RkmRijl™)- 

7.1. ABC curvature tensors. A class of iiT-tensors with the structure ([26]) are 
the ABC curvature tensors. They are combinations of the Riemann tensor and its 
contractions [A, B, C are constants unless otherwise stated): 

(28) Kjkr = Rjkr + A{S,"'Rki ~ Sk'^'Rji) + BiR^^^gu - Rk'^gji) 

+C{RS/^gki-Rdk"'gji) 
The canonical curvature tensors are of this sort: 

• Conformal tensor Ciju- A = B = C = - („_;^)^(„_2) ; 
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• Conharmonic tensor Nijki'- A = B = C = 0; 

• Projective tensor: PijkV- A — j;^, B = C = 0; 

• Concircular tensor: Cjiki- A — B = 0, C = / ^ ,s . 

Proposition 7.6. Let Kijki be an ABC tensor (A, B, C may be scalar functions) 
and bij a symmetric tensor; 

1) if b is R-compatible then b is K -compatible. 

2) if b is K -compatible and B ^ then b is R-compatible. 

Proof. The following identity holds for ABC tensors and a symmetric tensor b: 

(29) bimKjkl"^ + bjmKkil"^ + bkmKiji™ — bimRjkl™ + bjmRkil'" + bkrriRijl"^ 
+ B [gkl{bimRj"^ ~ bjmRi^) + guibjmRk"^ — bkniRj"') + gjl{bkmRi^ — bimRk"^)] ■ 

1) by thcorcm l4.3l if b is i?-compatible then it commutes with the Ricci tensor, and 
fT-compatibility follows. 

2) if b is if-compatible it commutes with Kij. Contraction with g^^ gives: 

hmK,^' - b.mKr = (6„ni?/" - fe,>ni?.")[l - B{n - 2)], 

then, \i B ^ , b commutes with the Ricci tensor and by (I^H]) it is i?-compatible. 

□ 

Proposition 7.7. Let K be an ABC tensor with constant A 1 and B. If 

(30) V,;V„,i^,fci™ + VJVraKk^r + Vk^^nK^jr = 

then the Ricci tensor is K-compatible. 

Proof. If A and B are constants, one evaluates 

(31) V.,,K,kr = (1 - A)V„,Rjkr + \{B + 2C) {guVjR - g^i^kR) , 
Lovelock's identity ([5]) for the Riemann tensor implies 

(32) '^i^mKjkl'^ + y j^rnKkil'^ + ^ k^ mKijl^ 

= — (1 — A){RimRjkl"^ + RjmRkil"^ + RkmRijl"^)- 

In the r.h.s. the Riemann tensor can be replaced by tensor K by (|29p written for 
the Ricci tensor. □ 

Sufficient conditions are: K is harmonic, K is recurrent (with closed recurrency 
parameter, see eq.(3.13) in [l^). Note that prop. 17.71 remains valid for the Weyl's 
conformal tensor, which is traceless. 



8. Weyl-compatibility AND General Relativity 

In general relativity, the Ricci tensor is related to the energy-momentum tensor 
by the Einstein equation: Rji — ■^Rgji + kTji with curvature R = —2kT/{n — 2) 
iT = T\). 

The contracted II Bianchi identity gives 

^■mRjkr = k {VkTji - VjTfcO + i [gji^kR - guVjR) . 

Let K be an ABC tensor, with constant A, B, C. Its divergence ([SI]) can be 
expressed in terms of the gradients of the energy momentum tensor Tij. In the 
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same way Einstein's equations and ([32]) give an equation which is local in the 
energy momentum tensor; 

(33) v,v„,if,fe/™ + v.v^Kk^r + yk^raK^.r 

= -(1 - A)k {TimKjkl''" + TjmKkil^ + TkmKiji"^) . 

The Weyl tensor Cjki"'' is the traceless part of the Riemann tensor, and it is an 
ABC tensor. There are advantages in discussing General Relativity by taking the 
Weyl tensor as the fundamental geometrical quantity [3J [TSl [7] . The first equation 
(EH) 



ft 



n-2 



is reported in textbooks, as De Felice [7], Hawking EUis [15], Stephani (31], and in 
the paper f^. Instead, a further derivation yields a Bianchi-like equation for the 
divergence, Eq. (|33| . which contains no derivatives of the sources 

(34) ViVmCj-fc;™ + VjVmCfei;™ + VfeVmCij-;™ 

n — 3 

— 2 ~^ TjmCkil"^ + TkmCijl™) . 

It can be viewed as a condition for Weyl-compatibility for the energy momentum 
tensor. 

In view of prop 17.41 and the previous equation, the following holds: 

Proposition 8.1. IfTtj is Weyl- compatible, the symmetric tensor Cki —■ T^"^Cjkim 
commutes with Tij . 

In 4 dimensions, given a time-like velocity field m*, Weyl's tensor is projected in 
longitudinal (electric) and transverse (magnetic) tensorial components [2] 

Ekl — U^u"^Cjklm, Hkl — -U-' u"^ {epqjkC^'^ Im + ^pqjlC^'^ km) 

that solve equations that resemble Maxwell's equations with source. Therefore, the 
tensor Eki = Cki can be viewed as a generalized electric field. It coincides with 
the standard definition if Tij — {p + p)uiUj + pgij (perfect fluid). The generalized 
magnetic field is Hki = irJ'"(ep,,feCf«,„ + e^gjiCPHm). 

Proposition 8.2. IfTki is Weyl compatible then Hki = 0. 

Proof. From the condition for Weyl compatibility we obtain eijkp\T'^™'C^^ im + 
T^''^C''^im-\-T''"^C'^^ im] = 0. The first and the second term are modified as follows: 

rpinif-ijk — .. rpkm/^ij rpkm f^ij 

^ijkp-^ ^ hn — ^kijp-^ ^ im — ^ijkp-^ ^ Lm 

rpjm ^ki rpk'm ^ij rpkm ^ij 

^ijkp-^ ^ lm — ^jkip-^ ^ lm — ^ijkp-^ ^ lm- 

Then, since the sum becomes eijkpT^'^C'^^ im — 0, then the magnetic part of Weyl's 
tensor is zero. □ 
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